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The Use of Benders' Partitioning Scheme for 
Solving the Quadratic Assignment Problem 
Technical Annual Letter 
NSF Grant # ENG 77-07468 
Principal Investigator: Mokhtar S. Bazaraa 
The study for solving the quadratic assignment problem through the use of the 
partitioning scheme of Benders addressed the following investigations: 
1. A new formulation of the quadratic assignment problem as a linear mixed 
integer program involving m 2 integer and m2 (m-1) 2/2 continuous variables 
and 2m2 linear constraints, where m is the number of facilities. 
2. Application of the partitioning method of Benders to decompose the problem 
and make it more amenable to efficient solution techniques. 
3. Development of solution procedures which exploit the structure of the re-
sulting partitioned problem. 
4. Specialization of the algorithms developed to solve the traveling salesman 
problem, which is a special case of the quadratic assignment problem. 
5. Computational testing of the developed procedures. 
The present status of the research work is at points (4) and (5) above. Some 
computational testing has already been made. Performing a wider experimentation 
of the algorithms and specializing them to solve the traveling salesman problem 
are yet to be conducted. More details on the work already completed is given 
below. 
The formulation provided in the proposal was further refined, resulting in re-
ducing the total number of variables. The proposed method iterates between a 
master problem and a subproblem. Two closed-form optimal solutions to the sub-
problem are devised. Due to dual symmetry, we found computationally, depending 
on the data structure, that one of these solutions yields cuts which perform 
significantly better than those obtained from the other solution. We have 
attempted several strategies for solving the master problem, which is a pure 
0-1 integer program. The constraints are the cuts generated from the subproblem, 
in addition to the assignment polytype. As an initial attempt, we tried to 
solve the problem directly through the use of Gomory's dual-all integer cuts, 
imbedded in a compact revised simplex array. However, despite finitness of the 
procedure, we experienced slow convergence. We then resorted to Glover's 
pseudo-primal-dual cuts which iterate between a dual feasible stage and a primal 
feasible stage. This resulted in speeding the convergence considerably. 
We have also developed a fictitious objective function utilizing the Benders' cuts 
generated thus far, and solved a linear assignment problem. Since this objective 
weighs the cuts appropriately, in many cases, the solution to the problem 
satisfied all the cuts, thus allowing us to avoid the solution of the master pro-
blem altogether. 
Next we devised a constraint aggregation scheme similar to that of Kendall and 
Zionts to solve the master problem. The special structure of the problem was 
exploited in deriving suitable aggregation coefficients. Despite this, the 
aggregation scheme resulted in coefficient sizes which overflowed even with the 
use of double precision words. 
As another approach, the Benders' partitioning scheme was imbedded in an im-
plicit enumeration procedure. This involved the solution of the master problem 
only once at the expense of solving the subproblem frequently. This is no 
deterrent in our case since the subproblems are readily solvable. We attempted 
three types of lower bounds. The first was based on the solution of linear 
assignment problems. The second and third types of bounds used a Lagragrian 
relaxation technique where different constraints are incorporated into the 
objective function. 
To summarize, most of the theoretical and algorithmic development have al-
ready been conducted. Furthermore, the algorithms have been coded. Initial 
testing shows that some of the procedures are able to generate and verify 
optimality for problems of size m=12 facilities. For larger problems, veri-
fication of optimality is not possible within a reasonable computational 
effort. However, the fortunate feature of the Benders' partitioning method 
is that an optimal solution, or at least good quality solutions, are provided 
only after a few number of cuts have been generated. Thus the procedure 
would at least give good quality solutions early in the process, and can thus 
be used as a heuristic for solving larger problems. In fact the Benders' 
partitioning scheme provided better solutions than those known for most of 
the test problems available in the literature. 
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I. SUMMARY  
This study is concerned with the development of exact solution pro-
cedures for the quadratic assignment problem and deriving heuristics 
from these methods through premature termination. The problem involves 
the assignment of m indivisible entites, called facilities, to m mutually 
exclusive locations. The objective is to minimize a quadratic function 
which reflects not only the fixed cost of assigning each facility to some 
location, but also the interaction cost accruing from the location of each 
facility relative to the location of other facilities. 
During the course of this research, the quadratic assignment problem 






m2 integer variables, 	 continuous variables, and 2m
2 
linear con- 
straints. Several procedures that take advantage of the special structure 
of this problem are developed. Then methods can be classified under the 
decomposition scheme of Benders and branch bound. 
The Benders' partitioning method iterates between a subproblem and a 
master problem. An optimal extreme point solution to the subproblem in 
closed form is readily available. Several exact and heuristic methods for 
solving the master problem are developed. These include an implicit enu-
meration scheme, a constraint aggregation method, and solving a linear 
assignment problem whose fictitious objective function is obtained by 
aggregating the Benders' cuts generated thus far. In addition to these 
procedures, several methods using implicit enumeration and branch-and-bound 
have been developed for solving both the original problem and the newly 
formulated equivalent mixed integer program. 
Through an extensive computational analysis, we conclude that the 
Benders' partitioning scheme is able to construct good quality solutions 
within a reasonable computational effort, but is unable to verify opti-
mality even for problems of moderate size. The scheme, however, produced 
the best known solutions for test problems currently available in the 
literature. 
II. DESCRIPTION OF THE RESEARCH ACTIVITY  
The quadratic assignment problem involves the assignment of m facili-
ties to m locations in such a way to minimize the total cost. If the flow 
from facility i to facility k is f
ik 
and the distance from location j to 
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The following major tasks are performed during the course of this research. 
Task 1 (Reformulating the Problem as a Linear Mixed Integer Program) 
An equivalent formulation of the problem that transforms the objective func-
tion into a linear form is developed. The new problem has discrete variables 
xij 's and continuous variables y ijkz 's and is given below: 
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Task 2 (Application of Benders' Partitioning Scheme) 
The Benders' partitioning scheme applied to the newly formulated problem 
iterates between a subproblem and a master problem as follows: 
Subproblem  
Given a solution x. s from the master problem at iteration s, the sub-
problem is to 
m-1 m 
maximize 	y 	X (m-i)u..ijx!j 	 vk + X 	X (k-1) 	
s 
ie t 
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Let x
s be an optimal solution and go to the subproblem. 
Task 3 (A Closed Form Solution to the Subproblem) 
We proved that the following solution is an extreme point optimal 
optimal solution to the subproblem as u ij 
and v are transformed 
kt 
into the difference of nonnegative variables. 
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Task 4 (Exact Solutions to the Master Problem) 
Three different schemes for solving the master problem exactly are 
attempted. These are: 
1. Specialization of Glovers' pseudo-primal-dual procedure. 
2. A cut aggregation scheme that is specialized to handle the 
structure of the master problem. 
3. An implicit enumeration method. 
The first two methods excercized computational difficulties and did 
not convergeeven for small problems. The third method performed 
much better, but since the number of Benders' cuts needed for an 
exact solution is enormous, an exact approach was deemed impractical. 
Task 5 (Heuristic Solution to the Master Problem) 
A method for aggregating the Benders' cuts together with the Cabot-
Francis objective form into a single fictitious objective function 
is developed. The solution to the resulting linear assignment problem 
provided very good quality solutions to the quadratic assignment problem 
only after a few number of cuts have been generated. 
Task 6 (Specialization of the Benders' Method to the Traveling 
Salesman Problem) 
The heuristic procedure for solving the quadratic assignment problem 
is specialized to the traveling salesman problem. 
Task 7 (Computational Experimentation) 
The methods described above are tested by means of standard problems in the 
literature and randomly generated problems whose optimal solutions are 
known. The testing indicates that the heuristic method is quite efficient 
in the sense that it obtained the best known solutions in the literature 
and in some cases improved on them. The exact method was unable to verify 
optimality even for moderate size problems, however. 
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